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Knot theory is a widespread branch of geometric topology. Although the classical theory
regards knots and links in the 3-sphere, the cases where the ambient is a more general (compact)
3-manifolds are widely investigated recently. In this work we focus on the simplest class of closed
non-simply connected 3-manifolds: the lens spaces. The study of this kind of knots is relevant
for the Berge conjecture [5], in theoretical physics [11] and in biology [2].

Knots/links in lens spaces may be represented with different techniques, as grid diagrams
[1], band diagrams [6], mixed link diagrams [8] and other methods. In this work we introduce
a representation by regular disk diagrams, generalizing a construction of Drobotukhina [4]
regarding the projective space. Namely, consider the lens space L(p, q) as the quotient of the
unit ball B3 by standard identification of the boundary points, we can project any link on
the equatorial disk of B3, so obtaining a regular disk diagram for it. The isotopy equivalence
between links in lens spaces can be translated into an equivalence between disk diagrams, via
a finite sequence of seven types of moves, generalizing the Reidemeister ones.

Using this representation, a Wirtinger type presentation for the fundamental group, and con-
sequently for the first homology group, of the exterior of the knot/link can be easily obtained.
Moreover we deal with the twisted Alexander polynomials of these links, finding different prop-
erties and exploiting the connection with the Reidemeister torsion.

Another point of view for the investigation of knots/links in lens spaces is to considering the
lift of them in the 3-sphere, under the standard universal covering.

In this way we present an algorithm producing a classical diagram for the lift, starting from
a disk diagram of the knot in the lens space. Using this construction we have found different
knots and links in L(p, q) with the same lift, showing that the lift is not a complete invariant
for knots/links in lens spaces.

The aforementioned results can be found in [10], [3] and [9].

References

[1] K. Baker, J. E. Grigsby, “Grid diagrams and Legendrian lens space links”, J. Symplectic Geom., Vol. 7,
415-448 (2009).

[2] D. Buck, M. Mauricio, “Connect sum of lens spaces surgeries: application to Hin recombination”, Math.
Proc. Cambridge Philos. Soc., Vol. 150, 505-525 (2011).

[3] A. Cattabriga, E. Manfredi, M. Mulazzani, “On knots and links in lens spaces”, Topology Appl., Vol. 160,
430-442 (2013).

[4] Y. V. Drobotukhina, “An analogue of the Jones polynomial for links in RP 3 and a generalization of the
Kauffman-Murasugi theorem”, Leningrad Math. J., Vol. 2, 613-630 (1991).

[5] M. Hedden, “On Floer homology and the Berge conjecture on knots admitting lens space surgeries”, Trans.
Amer. Math. Soc., Vol. 363, 949-968 (2011).

[6] J. Hoste, J. H. Przytycki, “The (2,∞)-skein module of lens spaces; a generalization of the Jones polyno-
mial”, J. Knot Theory Ramifications, Vol. 2, 321-333 (1993).

[7] V. Q. Huynh, T. T. Q. Le, “Twisted Alexander polinomial of links in the projective space”, J. Knot Theory
Ramifications, Vol. 17, 411-438, (2008).

[8] S. Lambropoulou, C. P. Rourke, “Algebraic Markov equivalence for links in three-manifolds”, Compos.
Math., Vol. 142, 1039-1062 (2006).

[9] E. Manfredi, “Lift in the 3-sphere of knots and links in lens spaces”, accepted on J. Knot Theory Ramifi-
cations, (2014).

Joint work with Alessia Cattabriga and Enrico Manfredi.
1



2 MICHELE MULAZZANI

[10] E. Manfredi, M. Mulazzani, “Reidemeister moves for knots and links in lens spaces”, Kemerovo State
University Bulletin, No. 3/2 (2011).

[11] S. Stevan, “Torus Knots in Lens Spaces & Topological Strings”, preprint arXiv:1308.5509 (2013).
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